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For a prime p = 1 (mod 3), the reduced residue system S 3 , modulo p, has a proper multiplicative subgroup, C°, called the cubic residues modulo p. The other two cosets formed with respect to G°, say C 1 and C 2 , are called classes of cubic nonresidues. Similarly for a prime JJΞI (mod5) the reduced residue system S 5 , modulo p, has a proper multiplicative subgroup, Q°, called the quintic residues modulo p. The other four cosets formed with respect to Q°, say Q [3] raised the general question about the size of the smallest element in any given class of kth power nonresidues. The special cases k = 3 and k = 5 are of primary concern in this paper. They proved a quite general theorem of which two special cases are: The application of Theorem C to the arguments of Davenport and Erdos cuts each of the exponents of p in half.
Davenport and Erdos
The achievement of this paper is to obtain the same result about cubic non-residues by an argument which is independent of the de Bruijn result, reduce the exponent on the result for quintic nonresidues by a similar argument, and indicate a method of obtaining results for any primeth power non-residues. 2* Cubic Non-Residues* A well known result about sums of inverses of primes is:
where if is a positive constant. χl -v Jl-v where the error term is independent of v. Proof.
Now by a well known summation Theorem,
If the change of variable t -x s is made then
For any positive integer r and primes p = 1 (mod 3) let a? = 4(^2 p y. + y 3 ] # Let <^(αθ = C j Π {m | 0 < m ^ a?}, i = 0, 1, 2, and let N(C j (x)) be the cardinality of C j (x). The following is a special case of a general theorem of Vinogradov [4] , [5] .
Proof. Formula I with H -x, and n = 0 reads as
In other notation
J^ χ(m) = 0(x/ln x) .
Let χ 3>:p be the cubic residue character for primes p = 1 (mod 3). By the above there is an absolute constant, K u such that
Let w = cos 2π/3 + ism 2π/3.
It now follows that 
For all sufficiently large primes p = 1 (mod 3) there is in each class of cubic non-residues modulo p 9 a positive integer smaller than p<i-Λ>/4+. β ^ satisfies the inequality .234 < d < .235).
Proof. Given ε > 0 let r = [1/ε] + 1. Define x in terms of p as. above and notice that as long as ε < d then \(i_ for sufficiently large primes p.
It therefore suffices to prove that for sufficiently large primes, each class of cubic non-residues contains a positive integer smaller than x 1 -**-'. Assume that Theorem 1 is false. Then, for some fixed ε > 0, there are infinitely many primes p = 1 (mod 3) such that one of their classes of non-residues fails to contain a positive integer less than x 1 -*^. Let p λ be one such prime. Notice that x, C°, C 1 and C 2 are defined in terms of p λ and will therefore be fixed in this argument.
Without loss of generality C 2 can represent that class of nonresidues modulo p 1 that has no positive integers less than x x~a+ \ Since C 2 has this property it follows that C 1 has no positive integer less than (-ln((l- 
where K 2 is a constant independent of x. But this inequality can hold only for finitely many primes to be compatible with Lemma 3.
3* Quintic Non-Residues* It is helpful to adopt the following notations: Let
In the following summation the g^ run only over primes. .
We can now restate The proofs of Lemmas 4, 5, 6, 7 , and 8 are straight forward generalizations of Lemmas 1 and 2 and are much too lengthy to be exhibited here.
For any positive integer r and primes p == 1 (mod 5) let x = 5[p (1+1/r)/4 (ί^2p) r+1 /5] . Let Q j (x) = <y n {m 10 < m ^ x}, j = 0, 1, 2, 3, 4, and let N(Q j (x) ) be the cardinality of Q j (x). The following is another special case of the general Theorem of Vinogradov [4] , [5] :
Proof. Let χ 6>p be the quintic residue character for primes p = 1 (mod 5). By the argument in the proof of Lemma 3 there is an absolute constant K z such that Proof. Given ε > 0 let r -[1/ε] + 1. Define x in terms of p as above and notice as long as ε < d then α; 1~d+ε < pt 1 -*w+ β for sufficiently large values of p. It will suffice to prove that for sufficiently large primes p Ξ= 1 (mod 5) that each class of quintic non-residues modulo p contains a positive integer less than ^1~< z+e . Assume that Theorem 2 is false. Then, for some fixed ε > 0, there are infinitely many primes p = 1 (mod 5) such that one of their classes of non-residues fails to contain a positive integer less than x 1 '^*. It should be noticed that w cannot have more than four prime divisors which are not in Q° since the product of any five or more primes not in Q° would exceed x. The number of w's that could possibly satisfy (i) is less than or equal to
The number of w's that could possibly satisfy (ii) is less than x(S 2 + S 3 ). The number of w's that could possibly satisfy (iii) is less than x(S 4 + S 5 + S 6 ). The number of w's that could possibly satisfy (iv) is less than xS 7 . Combining the above we have
where K 6 is a constant independent of x. But this inequality can hold only for finitely many primes to be compatible with Lemma 9.
4* Remarks* The techniques of the previous sections generalize for Kth. power non-residues when if is a prime. In these cases the definition of d involves (K 2 -3K + 4)/2 integrals ranging from multi-plicity 1 through K-l. There are K -1 possible divisibility conditions imposed on the elements of A κ~\ x). The upper bound for N{A k~\ x)) involves (K 2 -2K + 4)/2 summations ranging from multiplicity 1 through K-l.
The contradiction is reached in the same manner. The details are lengthy but straightforward. For example for seventh power residues the results of Davenport and Erdos imply an exponent of p equal to 959/3840. While using methods exhibited in § 3 one obtains an exponent smaller than 25/104.
When K is composite the job is more difficult since the subgroup of ifth power residues and the K-l cosets form a cyclic group of composite order. These cyclic groups have proper subgroups. The "without loss of generality" comment is no longer valid and some arguments concerning the number of prime factors of K must be called upon. The author intends to present these techniques at a future date.
